Amorphous solids remain outside of the classification and systematic discovery of new topological materials, partially due to the lack of realistic models that are analytically tractable. Here we introduce the topological Weaire-Thorpe class of models, which are defined on amorphous lattices with fixed coordination number, a realistic feature of covalently bonded amorphous solids. Their short-range properties allow us to analytically predict spectral gaps. Their symmetry under permutation of orbitals allows us to compute analytically topological phase diagrams, which determine quantized observables like circular dichroism, by introducing symmetry indicators for the first time in amorphous systems. These models and our procedures to define invariants are generalizable to higher coordination number and dimensions, opening a route towards a complete classification of amorphous topological states in real space using quasilocal properties.
Introduction
Although most solids can be grown amorphous, their lack of translational symmetries has kept amorphous solids outside the recently developed topological classifications of non-interacting matter 1-3 , halting their discovery for robust applications. Amorphous Bi 2 Se 3 was shown to be the sole exception recently, with spectral, spin and transport data supporting a surface Dirac cone 4 . Other condensed matter platforms based on nonstoichiometric growth of the same compound are promising alternatives 5, 6 and, as a proof of principle, amorphous topological states have been realized in two-dimensional systems of coupled gyroscopes 7 . However, the challenge is to model realistic materials, and determine their topological phase diagram in a way that may establish a classification, and aid their systematic discovery.
Addressing this challenge seems possible since the absence of amorphous topological solids is not fundamental; topological protection does not rely on translational invariance and several classes of models have been proposed with these properties [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Although their phase diagrams can be computed numerically, by simulating responses to external fields 15 or through real space topological markers 7, 8 , these methods are not generalizable to every discrete symmetry in every dimensionality. Crucially, a symmetry based approach for amorphous solids, which proved to be successful in classifying topological crystals 1-3 , seems out of reach due to the absence of longrange atomic order.
In this work we find that an overlooked yet common property to covalently bonded amorphous solids, their fixed coordination number 17 , can be exploited to overcome these problems. This property is rooted in the fact that the local chemical environment in an amorphous solid is similar to that of the crystalline phase of the same compound 4, 18, 19 . The local environment determines the coarse properties of the density of states, such as spectral gaps, while-long range correlations or periodicity, determine the finer details. Such physical input has been a cornerstone in describing amorphous states 17, 20 , allowing to prove the presence of spectral gaps in amor- phous Si, eventually explaining why windows are transparent 18, 20, 21 . However, this useful chemical input remains unexploited in current models of amorphous topological states.
The models we propose are an analytically tractable and generalizable set of topological amorphous models with fixed coordination. They generalize the Weaire-Thorpe Hamiltonian class 20 explicitly developed to respect the local environment across sites. They allow us to show analytically that they are generically gapped, and to track the band crossings as a function of the parameters of the models. Remarkably, exploiting the symmetry resulting from the equivalence between orbitals, these models allow us to construct an amorphous version of symmetry indicators, that can be used to map their topological phase diagram modulo an integer, but without the need to compute local topological markers.
For concreteness, we exemplify our results using a triply coordinated two-dimensional amorphous lattice without time-reversal symmetry 7 . For it we compute analytically spectral gaps, and the ingap local density of arXiv:2003.13701v1 [cond-mat.dis-nn] 30 Mar 2020 states that show topologically protected edge states. We compute numerically the local Chern marker 22 , which we link to a quantized circular dichroism, mapping the topological phase diagram in parameter space. We then introduce the symmetry indicators for this model and combine them in a formula that delivers the Chern number modulo three, reproducing the topological phase diagram analytically. Finally, we discuss an effective Hamiltonian approach 23 , that projects the full Hamiltonian into a basis of plain waves and can also detect topological phase transitions.
Due to their gapped structure and previous success in describing amorphous solids, the models we propose are natural candidates to describe realistic amorphous topological insulators and track their topological phase transitions. Moreover, there is no fundamental restriction to extend our analytical arguments to different dimensionality, symmetry classes and coordination number, hinting a route to a classification of amorphous topological insulators.
RESULTS

Topological Weaire-Thorpe model class
Irrespective of dimensionality and coordination, we define the topological Weaire-Thorpe models by a Hamiltonian with two terms H WT = H V + H W , defined by
The index i labels sites within a z coordinated lattice, while j = 1, 2, ...z labels the z orbitals within a site (see Fig.1(a) ). The matrices V (i) jj connect different orbitals within a single site, while the matrices W (j) ii connect different sites through a single orbital such that coordination remains fixed. If the intra and inter sites matrices are chosen real and independent of i and j respectively, such that V (i) jj = V ∈ Re ∀i, j = j and W (j) ii = W ∈ Re ∀i = i , j, this model reduces to the Weaire-Thorpe model, introduced to describe spectral properties of tetravalent (z = 4) amorphous materials such as amorphous Si 20 . The form of Eq. (1) is motivated by the experimental observation that covalently bonded amorphous materials conserve the local environment imposed by their individual components, resembling their crystalline counterparts at short scales 17 . Lattice disorder emerges at larger scales, modifying the lattice structure compared to the crystal (see Fig. 1(b) ).
To define the topological Weaire-Thorpe model here we allow V to be complex, respecting that the local environment of different orbitals remains equivalent. This imposes that V should be invariant with respect to cyclic permutation of the orbitals, and that the hopping between sites is fixed to W as before. These requirements do not fix the orientation of the phases, a freedom that can be adjusted depending on the physical context we wish to describe (see Fig. 1(a) ) for a specific convention and the Supplemental Material 24 for further discussion). Given a convention for the phases, the fixed coordination will allow us to show that these models have spectral gaps in general, and determine their band edges analytically.
To show the existence of spectral gaps of the topological Weaire-Thorpe model and determine where they occur we use the resolvent method 25 , outlined next and described in detail in the Supplemental Material 24 . It is based on the observation that the eigenvalues of the system are poles of the complex function
known as the resolvent of the Hamiltonian. If the series converges for a given w, then w is not a pole of the resolvent and therefore not an eigenvalue of the Hamiltonian. A sufficient condition for convergence is that
where · is the operator norm, equal to the maximum absolute eigenvalue. Hence, we can determine the energy windows where there are no states, the spectral gaps, as a function of the model parameters with the condition
is useful as long as W is less than the distance separating two eigenvalues of H V , but it is not very informative when W V . In this latter case, it is more instructive to use the freedom to interchange the roles of H V and H W in the last step of Eq. (2) . In this case we arrive to the second condition
The combination of these inequalities, both are true for all V and W , constrain the energy regions where there are no states, the spectral gaps. For generic W , V and coordination z these gaps are finite, and therefore the topological Weaire-Thorpe models describe an insulator at fillings where the chemical potential lies within the spectral gap. The gap boundaries are determined analytically by these inequalities, a useful property that we will use to determine the topological phase diagram.
Three-fold coordinated Weaire-Thorpe-Chern insulator
As an illustration of the power of these physically motivated models we now construct a two-dimensional Hall insulator in an amorphous lattice with coordination z = 3 and determine its responses and topological phase diagram numerically and analytically. With the building block labeled z = 3 in Fig. 1(a) we first build a threefold coordinated lattice by making use of a Voronization procedure (see Supp. Mat. 24 ). A specific realization of this lattice is shown in Fig. 1(b) . As indicated by Fig. 1 (a) we keep W ∈ Re and promote V → V e iφ choosing the phases to connect in a clockwise fashion.
As anticipated, the structure of the Weaire-Thorpe model allows to predict band gaps analytically. Applying our general criteria above we can determine the band edges and spectral gaps through the inequality
with m = 0, ±1. In Fig. 2 (a) we compare the energy spectrum as a function of φ calculated numerically using periodic boundary conditions and the Kernel Polynomial Method 26 , with the spectrum outlined by the inequalities (4). The lines set by (4) match exactly with the band edges of the numerical spectrum. The agreement is a consequence of Weaire and Thorpe's original expectation: the local environment of a site is enough to determine the broad spectral features, and where the gap closures appear 20 . Our goal is to show that these properties also allow us to determine the topological phase diagram.
To do so we first show that the model can be indeed topologically non-trivial and discuss some of its physical properties. With open boundary conditions we observe that states appear within bulk gaps for certain values of parameters. A typical local density of states of these ingap states is shown in Fig. 2 (c). The wave functions of these states are localized at the edge suggestive of a topological edge-mode.
To map the topological phase diagram, and predict physical properties we have calculated the local Chern marker C(r) at each lattice site r for different parameter values. The local Chern marker can be regarded as the real space counterpart of the Berry curvature 22, 27 . It is defined at each site as the expectation value 24
over localized states |r , whereP andQ are projectors onto the occupied and unoccupied eigenstates. With periodic boundary conditions, and for a twodimensional insulator, the density of the local Chern marker is equal to the total Chern number summed over occupied bands, C = Tr[C(r)]/A sys , where A sys is the area of the system 22, 27 . With open boundary conditions Tr[C(r)] = 0, since it is the trace of a commutator in a finite Hilbert space. In an atomic insulator C(r) is zero on all r, resulting trivially in a vanishing trace over all sites. In contrast, when the Chern number is finite the area averaged C(r) in the bulk takes an integer value that equals C, which is compensated exactly by an edge contribution of opposite sign upon averaging over all sites. The local Chern marker thus serves to diagnose topology of 2D insulators without time-reversal symmetry.
Using the Chern marker we can compute the topological phase diagram, shown in Fig. 3(a) , for the representative case of 2/3 filling. It features three phases with Chern numbers C = 0, ±1, shown for φ ∈ [0, π] since C(φ) = −C(−φ). The real space distribution within the topological state with C = −1 at φ = 1.3 is shown in Fig. 2(d) , showing the quantized bulk Chern marker and the contribution of the edge with its sign reversed compared to the bulk.
The local Chern marker is a tool to elucidate the phase diagram of this model, but is also connected to physical properties. Firstly, the Hall conductivity σ xy is determined by the Chern number, σ xy = Ce 2 /h. Secondly, Tr(C(r)) determines the absorption rate difference between driving the system with left and right handed circularly polarized electric field of amplitude E 28 . This observation does not rely on translational invariance, and thus our model should show a quantized circular dichroism. By following Ref. 28 , we show that the differential frequency-integrated absorption rate is quantized to ∆Γ/A sys = E 2 2 Tr(C(r))/A sys = E 2 2 C (see Supp. Mat. 24 ). A finite quantized circular dichroism can be measured even for finite samples, upon integrating to frequencies up to the band gap 29 . 
Symmetry indicators and topological invariants
By construction the Weaire-Thorpe class of models impose that all orbitals are equivalent, a symmetry that we can exploit to determine the topological phase diagram. Since orbitals are treated on the same footing, H V is invariant under circular permutation of orbitals. This symmetry allows us to label eigenvalues and track gap closings that change the Chern number. We start by defining the topologically trivial states in this model. In turn, topologically non-trivial states are those that cannot be connected to trivial states unless we close the bulk gap. The simplest trivial states occur when W = 0 or V = 0. Indeed when W = 0, (1) defines a set of decoupled triangles, each governed by H V (see Fig. 3 (c) lower left schematic). In this limit, the system is topologically trivial, since it is possible to form a basis of localized states 30, 31 . Its spectrum λ m consists of z bands, and it is gapped for fillings N/z, where N ∈ Z and z is the coordination number. Each band is an exact eigenstate of the permutation symmetry, with eigenvalue ξ m = e i2πm/z with m = 0, ±1. Upon increasing V (see Fig. 3 (c)), these three bands retain their character, defined precisely below, until W ∼ V . When V = 0, the system is a set of decoupled dimers (see Fig. 3 (d) lower right schematic), each with a bonding and antibonding state at ±W , defining a trivial insulator at 1/2 filling, Fig. 3(d) ).
In order to track topological band inversions that track the change between the above trivial C = 0 to C = 0 Chern insulators we label the 2z band edges defined by (4) with the eigenvalues ξ m and as bonding and antibonding. This labelling is based on the overlap between the eigenstates of the system and the eigenvectors of H V and H W respectively. Indeed, introducing |i, m , the eigenvectors of H V localized on site i, and |j, ± , the eigenvectors of H W localized on the dimer j, one can compute F m (|ψ ) = i | i, m|ψ | 2 and F ± (|ψ ) = j | j, ±|ψ | 2 . With such definitions, we have, for any state |ψ , m F m = 1 and F + + F − = 1. Furthermore, all F m and F ± are always positive, and F m (|ψ ) = 1 (resp. F ± (|ψ ) = 1) if and only if |ψ is an Fig. 3(d) ).
Since band edges remain eigenvectors of H V and H W separately, and these track band inversions, it is suggestive that using Eq. (4) we can track changes in Chern numbers. This would allow to map a topological phase diagram analytically. Inspired by the idea of symmetry indicators (see Ref. 32 for a review), for 1/3 and 2/3 fillings, where the trivial insulators are well defined in the W = 0 limit, we define the sum of permutation eigenval-ues over filled states n∈filled m n . In terms of these, the Chern number at a given point in the phase diagram can be computed as
The second term in this expression acts as a reference for the trivial state, while the first tracks band inversions. For 2/3 filling the resulting phase diagram is shown in Fig. 3(b) . It reproduces that computed from the local Chern marker ( Fig. 3(a) ), yet its computation is analytical.
It is appealing to connect the success of the invariant Eq. (6) to known topological invariants. In continous media the Chern number can be computed by subtracting rotation eigenvalues l of filled states at k = 0 and k = ∞ 33,34 , by defining ν = n∈filled l n (k = 0) − l n (k = ∞). The k = ∞ term captures the short distance properties, and thus may be associated with the second term in Eq. (6) . Similarly, the k = 0 term captures long distance properties, and may be identified with the first term Eq. (6) . Establishing a formal correspondence is an interesting open problem, yet the similarities between ν and Eq. (6), and the average rotational symmetry of amorphous lattices suggests that ν can be used to signal amorphous topological states.
To investigate this possibility we extend a recent description of topological quasicrystalline phases 23 to our amorphous lattices. By projecting the real space Hamiltonian into a basis of plane waves with a given k we can define an effective Hamiltonian in momentum space, H eff (k) 23 . Since this procedure does not rely on translational symmetry, we define H eff (k) for our amorphous system using a basis of angular momentum states (see Supp. Mat. 24 ).
The symmetry properties of H eff (k) allow us to compute ν and compare it to Eq. (6) . As k = 0 and k = ∞ are invariant under continuous rotations, the eigenstates of H eff (0) and H eff (∞) can be labelled by their angular momentum l. The colored dotted lines in Fig. 3(c) show the eigenstates of H eff (0) labelled by m = l ∈ [−1, 0, 1], which closely follow the spectral densities F m (E). The l = 0 and l = −1 eigenvalues of H eff (0) cross at the first topological phase transition, while the eigenvalues of H eff (∞) maintain the same ordering. This behaviour matches that of the momentum-resolved spectral densities of the permutation eigenstates F m (E, k) ( Fig. 3(e) ) which also present a band inversion at k = 0 across the topological transition. For general k the eigenstates of H eff (k) disperse, but remain gapped and continuous, establishing a connection to regularized continuum Hamiltonians 33, 34 . By explicitly computing the invariant ν, that compares the number of filled angular momentum eigenstates at k = 0 and ∞, we can establish the topological character of this band inversion, which changes ν = 0 to ν = −1. However, we find that this approach only results in a meaningful H eff (k) sufficiently close to the decoupled triangle limit W/V 1 capturing only part of the phase diagram (see the Supp. Mat. 24 for a discussion).
DISCUSSION
We have proposed a class of realistic models with fixed coordination that allow to analytically track topological phase transitions in amorphous lattices. These models are motivated by the observation that the local environment of a site is similar in the crystalline and amorphous lattice, the latter lacking long-range order. A fixed coordination allows us to show that these models are generically gapped, and the equivalence between orbitals allows us to assign a symmetry label to band edges. Treating these labels as symmetry indicators we have constructed the topological index (6), successfully reproducing the topological phase diagram of a threefold Weaire-Thorpe-Chern insulator analytically. We have linked the phase diagram to physical responses, predicting that 2D amorphous models with broken-time reversal symmetry present a quantized circular dichroism, similar to their crystal counterparts 28 . The topological index (6) can be defined for any z, signaling a way to determine the phase diagram of any two-dimensional Weaire-Thorpe model in the Altland-Zirnbauer class A analytically.
Our results are promising to establish a true classification of amorphous topological states. In combination with the effective Hamiltonian approach 23 they suggests that imposing extra symmetries, such as time-reversal or particle-hole symmetry, can be exploited to generate such a classification, and answer the question of whether new topological states, absent in crystals can exist in amorphous lattices. Our models admit easy generalizations to higher dimensions and non-hermitian couplings.
Our work establishes that in the absence of translational invariance it is possible to construct topological models that incorporate realistic elements, such as fixed coordination, and for which the topological phase diagram can be computed analytically using symmetry, contrary to naive expectation.
They are therefore natural candidates to describe amorphous topological states in the solid state 4 , and they can serve as models for synthetic systems, such as photonic Chern bands, where large optical gaps can be realized using continous random networks 35, 36 . plots using matplotlib 38 .
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Two-dimensional insulators in class
For finite systems this trace is zero, since it is the trace of a commutator in a finite Hilbert space. However, the real space distribution of the local Chern marker signals a Chern insulator state by a quantized value of the Chern marker in the interior of the system, and large and opposite contribution localized at the edges of the sample. Previously this marker has been used to signal finite Chern markers both in crystalline 22, 27, 28 and quasicrystalline systems 40 , and for our purposes it contains the same information as other real space topological markers, such as the Bott index 41 . The local Chern marker C(r) is a dimensionful quantity that fluctuates as a function of the discrete site positions r, and only its average density corresponds to the dimensionless Chern number C quantized to integers. In order to visualize the quantized local marker, we follow Ref. 27 to define the local Chern invariant c(r) for all positions through convolution with a test function g(r)
where g(r) is chosen to be smooth, circularly symmetric, localized with finite support, and normalized such that g(r)d 2 r = 1. This ensures that c(r) is dimensionless, its average value coincides with the density of C(r), and in the limit of macroscopic averaging, when the support of g(r) is much larger than the typical interatomic spacing, it converges to C everywhere. In particular we choose
where w controls the diameter of the support. Even for values of w comparable to the interatomic spacing, c(r) becomes a smooth function in the bulk with value fluctuating near C, as shown in Fig.2(d) of the main text.
Circular Dichroism
The local Chern marker is closely related to the total circular dichroism 28, 42 , which is the frequency integrated absorption difference between left and right polarizations of an incident electric field, such as that of circularly polarized light. Shining circularly polarized light triggers optical transitions from occupied to unoccupied states depleting the conduction band. We describe the link between the depletion rate to the local Chern marker by following Ref. 28 , to explicitly show it does not rely on the periodicity of the lattice. The depletion rate for a given incident electric field of amplitude E is given by the Fermi's Golden Rule
where |e and |g are respectively states from the conduction and the valence band, P is the polarization vector of the electric field and ω its frequency. For left and right circularly polarized lights, we get
The total integrated differential rate ∆Γ int is given by
where A is the area of the system and C is the Chern number, an integer for two-dimensional insulators. In the second to last step we have used that the trace can be expressed in position space, and thus this derivation applies to disordered systems, and in particular to amorphous lattices. For a finite system the differential integrated rate vanishes exactly like the trace of the local Chern maker. Experimentally, to measure a quantized circular dichroism, it is necessary to isolate either the edge or the bulk contribution to circular dichroism, since they compensate each other. We review two options to do so, already discussed in the literature 28, 29 . The first, proposed 28 and implemented in ultra-cold atomic systems 43 , is based on a quench protocol. Figure S1 .
Different possible building blocks of a z = 6 coordinated topological Weaire-Thorpe model that respect the equivalence between orbitals. It is possible to choose the orientation (a) of the phases, and the relative phase (b), while preserving the equivalence between orbitals. The hoppings without arrows have the same magnitude V but must remain real since a π rotation would reverse them.
An initial wave-packet is prepared using a confining potential such that it has only a finite overlap with the bulk of the system. After the confining potential is removed the evolution of the total integrated differential rate will be determined by the bulk Chern number C. Another alternative is to restrict the frequency integral to be within the bulk-gap. In this frequency window the edge-edge optical transitions dominate over the bulk-edge transitions in the large system size limit 29 , leading to the quantized result −C. In practice, since the bulk gap can be unknown, it is sufficient to expand the integration window until a plateau is reached 29 .
Appendix B: Properties of z−fold coordinated Weaire-Thorpe models
The mathematical structure of the topological Weaire-Thorpe models introduced in the main text allows us to derive spectral properties of z−fold coordinated lattices. As discussed in the main text we allow H V to have complex hoppings that can induce the appearance of topological phases. These models are designed to capture that the local environment of all sites is equal, assuming all orbitals to be equivalent. Accordingly, the hoppings connecting sites are all equal to W , while the hoppings in H V should be invariant with respect to circular permutation of the orbitals. Therefore H V at a given site is a z × z matrix of the form
One thus has z 2 coefficients to choose. To retain the equivalence between orbitals, we choose the hoppings to be the same up to a phase. The freedom remaining to choose the phases is restricted by the following considerations 1. The orientation of the phases forming closed hopping loops can be clockwise or counterclockwise so long as they respect the symmetry under permutation of orbitals (see Fig. S1(a) ).
2.
For even z the phases that can be reversed by a π rotation must be real. These are hoppings connecting a given site with the orbital at z/2 counting from that site (hoppings without arrows in Fig. S1(a) and (b) and Fig. 1(a) ).
3. For z > 4 the magnitude of the phase corresponding to the nearest-neighbour hoppings φ 1 (e.g. orbital 1 to orbital 2), the next-nearest-neighbour hoppings φ 2 (e.g. orbital 1 to 3) and so on, are independent in general (see Fig. S1(b) ).
Considering the above, the specific phase choice will be determined by the physical system to be represented, yet the quantitative discussion given in the main text still appplies. Specifically we can apply the resolvant method to a general z−fold coordinated Weaire-Thorpe Hamiltonian to track the band edges, as shown in Appendix C.
ii |i, j i , j|.
(C1)
To determine the density of states, one can follow Ref. 20 to separate the two terms in the hamiltonian as H = H V + H W , and introduce the resolvent function
In this decomposition, H V describes a system of isolated atoms, while H W is a set of independent dimers. Both H V and H W are trivial to solve but their combination makes H non-trivial. The resolvent allows us to determine where are the gaps of the system by noticing that the real poles of the resolvent correspond to the eigenenergies of the Hamiltonian. Therefore, if one can determine the regions of energy where the resolvent is finite, one can show there is no state at these energies. The resolvent can be developed into a series
for which a sufficient condition for convergence is (w − H V ) −1 H W < 1, where · is the operatorial norm given by the maximal absolute eigenvalue of the operator. We therefore have
where Sp(H V ) runs over the spectrum of H V . This condition is equivalent to the assertion that states are contained in energy bands whose center are the eigenvalues of H V and have a bandwidth of 2W . The eigenvalues of H V can be simply determined: this operator has z degenerated eigenvalues since it reads H V = V I N where N is the total number of sites in the system.
The criterion (C4) is useful as long as W is small compared to the distance separating two eigenvalues of H V , but it is not very informative when W V . In this latter case, one can develop the Hamiltonian into another series
where V is a real number chosen such that H V − V is minimal. The convergence criterion now becomes
The criterion (C6) will be informative when W is high compared to the eigenvalues of H V . In this case, we obtain two bands centered in ±W + V whose bandwidth is 2 H V − V .
Appendix D: Further details on three-fold coordinated Weaire and Thorpe models
Lattice and Hamiltonian implementation
To implement the Weaire-Thorpe model in a three-fold coordinated lattice, we first distribute at random a set of points called seeds, and then compute their corresponding Voronoi diagram. The Voronoi diagram is made of Voronoi cells which are defined as regions consisting of all points closer to one seed than to any other. This lattice falls under the continous random network model of amorphous matter, a good model for covalently bonded amorphous solids 17 . The Voronoi vertices will be the sites of our system while the edges of the cells binding them will be the bonds. The building steps of the random trivalent lattice are shown in figure S2. (a) (b) (c) Figure S2 . Building steps of a three-fold coordinated tight-binding system. The first step (a) is to plot a random set of points, called seeds. Then, we compute the Voronoi tessellation of the seeds (b): by drawing cells around the seeds such that they gather points that are closer to one seed than any other. The Voronoi vertices are decorated correspond to points at an equal distance to three seeds. Thus, they form a three-fold coordinated lattice (c).
According to the discussion in Appendix B, for each triangle we choose a clockwise orientation of the complex hopping within each triangular plaquettes. The resulting H V in (1) is
with eigenvalues λ 0 = 2V cos φ, λ ±1 = 2V cos φ ± 2π 3 . The Hamiltonian (1) is composed of the above onsite interaction between orbitals of the the same site H V and an intersite term H W of constant hoppings W . Due to the trivalent structure of the sites composing our amorphous system the phase diagrams we obtain are 2π/3-periodic. 
Symmetries of the eigenstates
Therefore, the eigenstates of H V (respectively H W ) also are eigenstates of R (respectively I). One can then introduce (|i, m ) m∈{ 0,±1 } , the eigenstates of H V and R localized on triangle i, such that
Similarly, for H W we introduce the eigenstates |j, ± localized on bond j as
The eigenstates of H are not, in general, eigenstates of H V nor of H W . However, it is useful to define their average local similarity 20 that we define as
and
where we introduced the operatorsF m = i |i, m i, m| andF ± = j |j, ± j, ±|. The values of these similarities are constrained by the normalization of the wave function. Indeed, since |i, m and |j, ± are orthonormal bases of the Hilbert space 44 , one has
In order to study properties of systems in the thermodynamic limit, it is useful to introduce the spectral density of these operators as
and similarly for F ± (E). In this case the sum rule is modified such that the total is the full density of states:
These quantities are efficiently calculated using the Kernel Polynomial Method 45, 46 and are shown on Fig. 3 (c) and (d).
Another relation can be obtained by projecting the Schrödinger equation onto the bra ψ|
The 
A final relation between the similarities is given by the square of the Schrödinger equation
As before, expressing each side in its eigenbasis gives
Collecting (D9), (D10), (D14) and (D16) we obtain a set of four equations
where a m = λm−E W . Even though one last equation is required to solve this system of equations exactly, this system constrains the local averaged similarities. Indeed, numerical computations show that their exact value depends on the specific structure of the system. However, these four equations already determine partly the symmetries of the eigenstates as a function of energy.
Let us focus for example on F 0 , F 1 , F −1 , set by equations (D17) and (D20) and represent the system in a 3-D space, each dimension representing one of the F m . Since all F m remain in the interval [0, 1], (D17) and (D20) each constrain the solutions to be on a triangle whose vertices lay at (1, 0, 0), (0, 1, 0), (0, 0, 1) and (1/a 2 0 , 0, 0), (0, 1/a 2 1 , 0), (0, 0, 1/a 2 −1 ), respectively. Therefore the solutions to equations (D17) and (D20) lay on the segment at the intersection Table I . For each of the energies given in the first row, one of the am is ±1 and thus the system (D17)-(D20) has a unique solution. The two last rows then indicate which one of Fm, F± are 1, the rest being 0.
of these two triangles. If the system is not degenerate, at the band edges set by (C6) or (C4), one and only one of the a m is ±1. Therefore, the segment representing the solutions of (D17) and (D20) shrinks into a single point that is Figure S3 . Chern number C as a function of φ calculated (a) modulo 3 as in the main text, (b) modulo 2, as determined by bonding/antibonding states, and (c) modulo 6, using (D24). All are consistent with the local Chern marker calculation shown in Fig. 3(a) .
where G = lim η→0 (H − E F + iη) −1 is the Green's function of the full Hamiltonian with E F chosen to be in a gap. The states |k, l are normalized plane-wave states with angular momentum l on the triangles, given in the real space basis by
where r is the position of a site on the decorated lattice, r c is the Voronoi center position in the triangle the site belongs to, φ r is the angle of r − r c relative to the x axis (in a clockwise sense), and N is the number of sites in the sample. Note that this set of states is different from a linear combination of the permutation eigenstates |i, m , as the phases depend on the shape of the triangle in question. States with different l ∈ Z are orthogonal in the thermodynamic limit of N → ∞ because of the averaging over triangles with uniformly distributed orientation. The basis is, however, overcomplete with respect to k, because the overlap between different k states with the same l only decays as 1/ √ N when approaching the thermodynamic limit. A central property of H eff is that its gap closes only when the gap of the full Hamiltonian closes. This follows from the fact that H eff − E F can only have a zero if G eff has a pole, which is only possible if G has a pole, when H − E F has a zero. Hence, a topological invariant defined in terms of H eff that can only change when its gap closes is also a good topological invariant for the original system. In the large k limit the expectation value in (E1) reduces to purely on-triangle terms, as the relative phases between different triangles average to 0 in the thermodynamic limit, resulting in H eff (k = ∞) being identical to H W =0 eff (k = 0) in the system with W set to zero. The limit lim k→∞ H eff (kn) = H eff (k = ∞) is independent of the direction of the unit vectorn, which allows compactification of k-space to a sphere. In practice we construct the k = ∞ state using independent random phases on each triangle.
Assuming that H eff (k) is finite, gapped, and continuous for all k, this construction provides a mapping between infinite amorphous Hamiltonians and continuum Hamiltonians. In the thermodynamic limit the effective Hamiltonian (also the effective Green's function) is invariant under continuous rotations
where R θ is a two-dimensional rotation matrix with a clockwise angle θ, and (U θ ) ll = δ ll exp(iθl) is the angular momentum representation in this basis. The momenta k = 0 and k = ∞ are invariant under rotations, hence H eff (k) is diagonal for these momenta in the thermodynamic limit. This allows to assign definite angular momentum eigenvalues to all eigenstates at these momenta, and use the continuum formula for the Chern number 33,34
where l n (k) are the angular momentum eigenvalues of the filled eigenstates at k = 0, ∞. Strictly speaking this formula is valid when all l ∈ Z angular momentum states are taken into account. We argue that large l eigenvalues do not invert between k = 0 and ∞ and can be safely ignored. This is because the rapid bond-direction dependence of the phase of inter-triangle W hoppings leads to them averaging to zero even at k = 0, making the effective Hamiltonian matrix elements identical at k = 0 and k = ∞. A subtle issue with this construction is that some eigenvalues of G eff might cross zero, even whithout any discontinuous change in the full G. When this occurs, some eigenvalues of H eff diverge, and might move to the other side of E F without ever crossing E F , see Fig. S4 (a). In this case, the effective Hamiltonian fails to provide a meaningful continuum model. We argue that this construction is still applicable in a finite vicinity of the triangle limit (W/V 1), where it provides a continuous mapping between infinite amorphous Hamiltonians and continuum k-space Hamiltonians. The extent of this region depends on the choice of the l states included in the effective Hamiltonian. Limiting the set of l's considered might result in some gap closings in the full H being absent in H eff , as well as the Chern number formula giving incorrect results if l states that are inverted between k = 0 and k = ∞ are excluded. However, the gap closings that do appear in H eff with a given set of l's unambiguously signal gap closings, hence serve as indicators of potential topological phase boundaries in the amorphous model.
Effective Hamiltonian for the three-fold coordinated topological Weaire-Thorpe-Chern model
As shown in Fig. 3 (c) , the phase transition between the trivial ν = 0 and topological ν = −1 phase is accompanied by an inversion of the l = 0 and −1 bands of H eff at k = 0. To further clarify the nature of this band inversion, we also define a related quantity, the k and l-resolved spectral function A(k, l, E) = k, l|δ(H − E)|k, l
where |k, l are the states defined in (E2). As shown in Fig. 3 (e) the weights of the spectral function closely follow the spectrum of the effective Hamiltonian eigenvalues, and show a band inversion across the phase transition resembling that of crystalline systems.
To investigate the full phase diagram, we include l = [−3, . . . , 3] states and only calculate H eff at k = 0 and k = ∞, sufficient to evaluate (E4). We choose the Fermi level E F to be in the middle of the gap at 2/3 filling. If the number of occupied bands in H eff is different at k = 0 and k = ∞ we conclude that the procedure did not succeed and leave the Chern number undetermined. The resulting partial phase diagram is shown in Fig. S4(b) , showing transitions between the W V trivial and the neighboring ν = ±1 regions. As argued in this Appendix, the effective Hamiltonian formalism introduced in Ref. 23 provides useful insights to the electronic structure and phase diagram of the topological Weaire-Thorpe class models. The precise range of applicability of this method in general, however, remains unclear and future work is required to mitigate the issues detailed above.
